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Abstract 

We show that the principal block Oq of the BGG category O for a 
semisimple Lie algebra q acts faithfully on itself via exact endofunc- 
tors which preserve tilting modules, via right exact endofunctors which 
preserve projective modules and via left exact endofunctors which pre- 
serve injective modules. The origin of all these functors is tensoring 
with arbitrary (not necessarily finite-dimensional) modules in the cate- 
gory O. We study such functors, describe their adjoints and show that 
they give rise to a natural (co)monad structure on Oq. Furthermore, 
all this generalises to parabolic subcategories of Oq. As an example, 
we present some explicit computations for the algebra SI3. 

1 Introduction 

When studying the category O for a semisimple Lie algebra q, tensor- 
ing with finite dimensional g-modules gives rise to a class of functors 
of high importance, the so called projective functors. These func- 
tors were classified in |BG| and include the "translation functors" , [J] , 
which can be used to prove equivalences of certain subcategories of O. 

In the following we study tensoring with arbitrary (not necessarily 
finite dimensional) modules in O. There is an immediate obstacle, 
namely the fact that, in general, the result is no longer finitely gen- 
erated (in other words, such functors do not preserve O). This can 
be remedied by projecting onto a fixed block of the category O. In 
particular, by composing with projection to the principal block Oq, 
we obtain a faithful, exact functor G: M i— > Gm '■= M <g> _|o from 
Oq to the category End(Oo) of endofunctors on Oq. By, defining Fm 
and Hm to be the left and right adjoints of Gm, we obtain a right ex- 
act contravariant functor F: M \— ► Fm and a left exact contravariant 
functor H: M i-» H M from O to End(0 o )- 



1 



In Section [2] we introduce the required notions and notation, and 
provide a setting for studying the tensor product of arbitrary modules 
in O. In Section [3] we define the three functors, and determine some of 
their properties. The main properties are given by Theorem l3,ll which 
shows that Fm preserves projectives, Gm preserves tilting modules, 
and Hm preserves injectives, for any M G Oq. In Section 0] we show 
that the particular functors Gmq\ and Gy(o) have natural comonad 
and monad structures, respectively. In Section we show how the 
results from the previous section generalize to parabolic subcategories 
of O. Finally, in Section [6] we compute the 'multiplication tables' 
GmN and FmN for the case g = 513(C), where M and N run over 
the simple modules in Oq. 

Acknowledgments: This paper develops some ideas of S. Ovsienko 
and V. Mazorchuk. The author thanks V. Mazorchuk for his many 
comments and suggestions. 

2 Notation and preliminaries 

For any Lie algebra a, we let U{a) denote its universal enveloping 
algebra. Fix g to be a finite dimensional complex semisimple Lie 
algebra, with a chosen triangular decomposition g = n_ © f) © n+, 
let b = f) © n + denote the Borel subalgebra, and let R denote the 
corresponding root system, with positive roots negative roots 
and basis IT. Let O denote the corresponding BGG-category (see 
[BGG] for details), which can be defined as the full subcategory of the 
category of g-modules consisting of weight modules that are finitely 
generated as W(n_)-modules 

For a weight module M, we denote by M\ the subspace of M of 
weight A G f)*, and by SuppM := { A G f)* | M x ^ {0} } the support of 
M. For a weight vector v G M, we denote by w(v) the weight of v, i.e. 
v G M w r v y Let No denote the non-negative integers, and let ^ denote 
the natural partial order on f)*, i.e. A ^ \i if and only if A — /i G No-R-- 

Given an anti-automorphism 9: q — > g of q we define the corre- 
sponding restricted duality d on the category of weight g-modules as 
follows. For a weight g-module M, let 

dM := 0Hom c (M A ,C), 

with the action of g given by 

(xf)(m) ■= f(6(x)m), 
for x G g, / G dM and m £ M. 
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We will use two different restricted dualities on weight g-modules: 
the duality given by the anti-automorphism g — > g, x i— > —x, which 
we will denote by M*, and the duality given by the Chevalley anti- 
automorphism, which we will denote by M*. Note that SuppM* = 
SuppM, and thus * preserves the category O, whereas SuppM* = 
— SuppM. 'The dual of M', 'M is self-dual' and similar statements 
will, unless otherwise stated, refer to the ^-duality. 

Since O is not closed under tensor products (e.g. the tensor prod- 
uct of two Verma modules is never finitely generated and hence does 
not belong to O), it would be convenient to define the 'enlarged' cat- 
egory O, as the full subcategory of weight g-modules M having the 
properties 

(OT1) there are weights Ai, . . . , A& G ()* with 

k 

SuppM C |J(A i +N 0j R-), 
i=i 

(OT2) dim c M A < oo for all A G fj*. 

Lemma 2.1. The category O is closed under tensor products. 

Proof. Let M, N G O. Then M ® N is a weight module, and since 

Supp(M ®N) = Supp M + Supp N, (1) 

it is easy to see that the property (OT1) is preserved under tensor 
products. Also, 

dim(M (g> N) x = ^ dim M^ • dim N v . (2) 

AtGSuppM, 
fSSupp N, 
fi+u=X 

By (OT1) the set of pairs fi G SuppM, v G Supp N with fi + v = A 
is finite for any A G f)*. By (OT2) we have that dimM^ < oo and 
dimA^ < oo for any fj, and u, so it follows that the right hand side 
of ([2]) is finite, i.e. dim(M A^) A < oo. □ 

Lemma 2.2. The duality ★ commutes with tensor products in O, that 
is 

(M <g> Nf =i M* ® N\ 

natural in M and N . 

Proof. For f* G M* and g* G N*, let ^(7* ® ff*) G (M <g> JV)* be 
defined by 

® ® n) ■= f*(m)g*(n), 
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for m G M and n £ N, and extended bilinearly to a map M* ® 
N* — > (M <g) AT)*. Straightforward verification shows that this is a 
homomorphism, natural in both M and iV. Let mi, m.2, ...EM and 
ni, ri2, . . . G iV be bases of weight vectors, and let m*, m^, ... € M* 
and n^n^, • • • G AT* be the corresponding dual bases. Then we have 
that { rrii (g> rij \ i, j = 1, 2, . . . } is a basis of M <g> AT, with the dual basis 
{ (vrii <S> n>j)* | i,j = 1, 2, . . . }. Furthermore, 

V>(m* <8> n*j)(rrik <8> ni) = m*(mfc)ra|(n;) 

= (m, (8) rij)*(mk <S> nj), 

i.e. ® n p = ( m « ® so V 7 is indeed an isomorphism. □ 

Note that O is the full subcategory of O consisting of finitely gen- 
erated modules, and in particular the simple objects of O and O co- 
incide. For A G f)*, let L(\) denote the simple highest weight module 
with highest weight A, and let -P(A) denote the projective cover of 
L(A). 

Lemma 2.3. All modules M <G O admit a (possibly infinite) compo- 
sition series. Furthermore, for each A G f)* ; the number [M : L(X)] of 
occurrences of L(X) as a composition factor in a composition series is 
finite and independent of the choice of composition series. 

Proof. Let M G O, and let mi, iri2, m^, . . . , G M be a basis of weight 
vectors such that w(mj) ^ w(mj) implies that j < i. Such a basis 
exists due to (OT1) and (OT2). For i G No, let AfW denote the 
submodule of M generated by { irij \ j < i }. We thus obtain a series 
of finitely generated modules 

{0} = M (0) C M (1) C M (2) C M (3) C • • • , 

which, since the mj:s constitute a basis of M, converge to M, i.e. 

oo 

|J M (i) = M. 
i=0 

Since the M('':s are finitely generated, G O for all i G N . Thus, 
since all objects in O have finite length, this series can be refined to a 
composition series. 

Now, consider any composition series (AfW) of M, let A G fj* be 
any weight of M, and let denote the submodule of M generated by 
the weight space M\. Since dim Ma < oo there exists an index k G N 
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such that M\ C M^ k \ and in particular such that N is a submodule 
of M^. Then (M®/N) x = {0} for all i > k, so 

[(M«/A0 : £(A)] = 

for all i > k, and thus 

[M« : L(A)] = [JV : L(A)] 

for all i > fc. As N G O, we get that [M : L(X)] = [N : L(X)\ is finite 
and independent of the choice of composition series. □ 

Recall that O has a block decomposition 

where Z(g) denotes the centre of q and O x denotes the full subcate- 
gory of O consisting of modules M such that for all z € Z(q), M is 
annihilated by some power of (z — x( z ))- Hence, each module M € O 
decomposes into direct sum 

M = 0M x , (3) 

where M x S O x and M x ^ {0} for only finitely many x- 

From Lemma 12.31 it follows that we get a similar block decomposi- 
tion for O, where each module M £ O decomposes as in ([3|), but with 
possibly countably many non-zero summands (and with some restric- 
tions on the weight spaces of the non-zero summands). This is similar 
to the situation for O-like categories over a Kac-Moody algebra, see 
for example [Nl| IR-CW] . More precisely, we have the following. 

Lemma 2.4. For all M € O and all \ £ there are unique 

modules (up to isomorphism) M\ G O x , Mi £ O, with [Mi : L(fj,)] = 
for all fj, Ef)* with L{(jl) G O x , such that 

M = Mi ®M 2 . 

Proof. Recall that, for two g-modules K and N, the trace Tr^ N is 
defined as the sum of images of all homomorphisms from K to N . 
Now, let 

Mi :=^Tr P(A) M, 

xer, 
p{X)eo x 
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and 

M 2 :=^Tr P(A) M. 
AeF)*, 

As has enough projectives, from the proof of Lemma 12.31 it follows 
that M = M\ + M 2 . Since the central characters occuring in M 2 are 
different from x, this sum must be direct. □ 

For each \ G we thus obtain an exact projection functor 

_i x :O^O x , such that 

M= M[ x (4) 

XG2( )* 

for any M G 6. 

Lemma 2.5. The tensor product commutes with infinite direct sums 
in O. 

Proof. Let A, M 1 , M 2 , ■ ■ ■ G £> with 

oo 

i=i 

let ni, n 2 , ■ ■ ■ G iV be a basis of A and let m\ , m 2 , • • • G Mj be a 
basis of Mj for each i G N. Then it is immediate that 

{ raj ® njt | i, j, k G N } 

constitute a basis of both 

(Mi M 2 • • • ) ® N 

and 

(Mi © A) © (M 2 © A) © • • • , 
giving the required isomorphism. □ 

For A G f)*, we denote by A(A) the corresponding Verma module 
with highest weight A, and V(A) := A(A)* the corresponding dual 
Verma module. Let J 7 (A) and ^"(V) denote the categories of mod- 
ules M G O having a Verma filtration and dual Verma filtration, 
respectively, and let T = !F(A) n .F(V) denote the category of tilting 
modules (see [R| for more details). Let J 7 (A), .F(V) and T denote the 
corresponding categories for O. As * commutes with direct sums, the 
decomposition @ implies that M G J~(A) if and only if M* G .F(V). 
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Note also that J-(A) and J- (A) can be characterised as the objects in 
O and O respectively which are free as Z^(n_)-modules. 

Similar to the situation in O, we have the following result for O 
concerning tensor products involving (dual) Verma modules and tilting 
modules. 

Proposition 2.6. For any M G 6, N£ T{A), K G ^(V} andT G T 
we have M ig> N G J 7 (A), M ® K G and M ®T £T. 

Proof. To show M ®N G T(A), it suffices to show that M®N G F(A) 
for any N G ^"(A), since the general case then follows from the fact 
that any module in J- (A) decomposes into a direct sum of modules 
in J- (A). Let mi, rri2, ... G M be a basis of M constructed as in 
the proof of Lemma 12.31 and let vi, . . . ,Vf. G N be a basis of iV as a 
W(n_)-module consisting of weight vectors. We will now show that 
M(g>iV is W(n_)-free with the basis B := { ra* <g> Vj \ i G N, 1 < j < k }. 

We start by showing that B generates M (g> N as a W(n_)-module. 
A set that certainly generates M <g> N over £/(n_) is 

B : = { mj (8) (u-Uj) | z G N,u G W(n_), 1 < j < k }, 

since {mi, 1712, . . . } is a basis of M and 
k 

^2{uvj\u e«(n_)} = N. 
j=i 

We will show that B is a subset of the set generated by B by induction 
on the degree of u. So, consider an element m, (g> (uuj) G B. If u has 
degree 0, then u is a scalar, so mi <8> (uvj) = u(rrii <8> Vj) is in the set 
generated by B. Now assume u has degree d > 1. Then 

TOj (8) (ufj) = u(?7ij (g) fj) + ^(«Jmj) (8) (u'l'vj), 

1 

for some elements elements itj , itf £ W (n_ ) with degree strictly less 
than d. Since we can rewrite the elements u\mi as linear combinations 
of m±,m2, • • • , the right hand side is in the set generated by B over 
U(xi-) by the induction hypothesis. Hence B generates B as a U(nJ)- 
module, so B generates M <g> N as a W(n_)-module. 

To see that M®N is free over 5 as a W(n_)-module, let denote 
the Z//(n_)-submodule of M <8> N generated by 

{ m, (8) i>j I i G N, i < 1, 1 < j < k } , 

and let L; denote the W(n_)-submodule of M (g) N generated by 

{mi®Vj\l < j < k } . 
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By straightforward induction we see that any non-zero element in L\ 
has a summand of the form rrii®n for some 1 < i < k, n E N. On the 
other hand, no element of has such a summand by the ordering 
of the mfs, and hence we have 

Li+i = Li + i © L\. 

Thus 

oo 

M ® N = Li 
1=1 

as a W(n_)-module. Finally, we note that L\ is W(n_)-free with the 
generators 

{ mi <S> Vj 1 1 < j < k } , 

since n(mz (g> Vj) has a summand of the form mi <8> (wVj) for all u G 
W(tt_). Hence M ® N is W(n_)-free, i.e. M ® N £ F(A). 

To show that M <g) if G -F(V), note that^ since if* G -^(A), by 
the previous paragraph we have M* ® if* € ^"(A). By Lemma 12.21 * 
commutes with tensor products, i.e. M* ®K* = (M®K)*, and hence 
M ®if€^(V). ^ 

Finally, since T = ^(A) n ^(V), from the first two statements it 
follows that M <g> T G T for all M E O and T G T\ □ 

Corollary 2.7. For M G JF(A) and iV G JF(V) we We M®N ef. 
Furthermore, if Ai,A2,... G f)* and Hx, H2i ■ ■ ■ £ fy* are ^ e highest 
weights, with multiplicities, of the Verma (respectively dual Verma) 
modules occurring in the Verma and dual Verma filtrations of M and 
N, then 

oo 

M® N =i A(A,) ® V(jUj). 

Proof. By Proposition ESI M®iV G .P(A)n.P(V) = T. Furthermore, 
A(A) 8) V(/x) G T for all A, [i G h*. Since tensoring over a field, the 
second statement now follows from the fact that tilting modules do 
not have self-extensions [RJ Corollary 3]. □ 

Following |Fj, for A G h* and any weight module M we define 

M^ x := M/M^ x , 

where is the submodule of M generated by all the weight spaces 
M M with fi ^ A. 

Lemma 2.8. The assignment M i— > defines a right exact 

functor on the category of weight Q-modules. 
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Proof. Let M and N be weight 0-modules, and let ip : M — > N be 
a homomorphism. Since homomorphisms preserve weights, the gen- 
erating set for M^ A maps to the generating set for N^ x , and hence 
9?(M^ A ) C N^ x . We thus obtain an induced homomorphism 

ip^ x : M^ x -> N^ x . 

It is immediate that (Hm)^ a = Id M o and (ip oip)^ x = ip^ x oip^ x , so 
_^ A is indeed a functor. 

Now, consider an exact sequence 

of weight 0-modules. For any element n + N^ x G N^ x , there is an 
element to G M with ip(m) = n, so 

ip^ x (m + M^ A ) = n + iV^ A , 

and thus (p^ x is surjective. Finally, consider an element 

m + M^ x G ker(^ A , 

i.e. <^(m + M^ A ) C N^ x . Since <p is surjective, we have (p(M^ x ) = 
N^ x , so there is an element to G M^ x with (^(to) = ip(m). Now let 
to' = to — to. Since 

ip(m') = ip(m) — ip(m) = 
we have to' G ker and since to G M^ A we have 

m! + M^ A = to + M^ x . 
By exactness, there is an element k G K with ^>(fc) = m', so 

V^ A (fc + K^ A ) = m' + M^ A = m + M^ A . 
Hence im^ s * A = ker</?^ A , and thus _^ A is right exact. □ 
Proposition 2.9. Let M be anU{x\-)-free module, say 

M = 0W(n_)^ 

iei 

as an U (n_) -module with { v j | i G / } fteing weight vectors. Then 

M ^ x ^ 0W(n_)vj. 



as a W(n_) -module. 



9 



Proof. We claim that 

M^ A = J^W(tu)ui. 

iei, 

To show this, let iV denote the set on the right hand side. We need 
to show that N is indeed a submodule of M, i.e. closed under the 
action of U(q). By the Poincare-Birkhoff-Witt Theorem we know that 
U(q) =W(n_)W(b), so 

U(g)N = ^W(fl)W(n_)ui 

ie/, 

16/, 

= J] W(n_) 

( = } I>(n-)«. 

iG/, 

= iV, 

where (*) holds since if w(vi) ^ A, then fx ^ A for any /i G Supp(W(b)fj). 
Thus, as a ZY(n_)-module, we have 

ie/, 

and hence we get that 

iG/, 

as a Z//(n_)-module. □ 

Proposition 2.10. For any M G .F(A), N e O and A G f)* u>e /iat>e 
i/tai (M<g>iV*)^ A g T(A). 

Proof. Let mi, . . . , G M be a basis of M as a W(n_)-module con- 
sisting of weight vectors, and let rai, 1%%, . . . G N be a basis of iV con- 
structed as in the proof of Lemma 12. 31 By an argument completely 
analogous to the case where N is finite dimensional (see for instance 
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the proof of Theorem 2.2 in Q]), it follows that M ® N* is W(n_)-free 
over the set 

B = { rrii ® n* | 1 < i < fc, j G N } . 

By Proposition [231 it follows that (M (8) iV*)^ A is W(n_)-free, with a 
Z^(n_)-basis consisting of the vectors in B satisfying w(mj (g) n*) ^ 

A. Since N G 0, the number of such vectors is finite, and hence 
(M<g>iV*)^ A G 0, i.e. (M(g>iV*)< A G T(A). □ 

Corollary 2.11. For each M G 0, JV G and A G f)* rae /lave 

(M® iV*)^ A G 0. 

Proof. Let P G be the projective cover of M. As is right 
exact, it suffices to prove that (P® N*)^ x G 0. But this follows from 
Proposition 12.101 since every projective in has a Verma flag. □ 

3 The functors 

We now restrict our attention to the principal block 0o, i.e. the inde- 
composable block containing the trivial module L(0). Let PFun(0o), 
TFun(0o) and IFun(0o) denote the categories of endofunctors on Oq 
which preserve the additive subcategories of projective, tilting and in- 
jective modules, respectively. Furthermore, let .Fo(A) = J 7 (A) n Oq, 
and define J-q(V) and To similarly. This section will be devoted to 
proving the following theorem, the main result of this paper, along 
with some of its consequences. 

Theorem 3.1. There exist faithful functors 

F:O ^ PFun(0 o ) op , M h-> F m , 
G:O ^ TFun(0 o ),M ^ G M , 
H: O ^ IFun(0 o ) o? \M ^ H M , 

all three satisfying Xm — Xjy if and only if M = N (where X = 
F,G,H). 

For M G O , we define the functor G M ■ O -> O by 

G M N := (M®N)[o 

on objects, and 

Gm<P'- GmK — * GmL, 

G M <P = (Mm ® <p)lo ■= na M L ° (Mm <2> ¥>) 1 GmK> 
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on morphisms cp: K — » L, where tvg m l- M <8) L -» (M L)J.o and 
l g m k '■ (M <g) K)lo M ®K denote the natural projection and inclu- 
sion. This defines Gm as an endofunctor on Oq. 

Remark 3.2. By central character considerations (i.e. from the fact 
that GmL G Oq), it follows that kg m l ° (Hm <8> v?) factors through 
Gm'-P, i-e. the diagram 



M ®K- 
G M K 



G M y 



^GmL 



commutes. 

For a homomorphism M — » TV between to objects M, iV € 0o, 
we define the corresponding natural transformation G^ : Gm — > Gtv 
by 

G^K: GmK — > GnK, 
G^K : = ((p®Id K )io, 

for if G Co- This defines G as a functor from the category Oq to the 
category of endofunctors on Oq . 

Since both M ® _ and _J,q are exact (as the tensor product is 
over a field), it follows that Gm is exact. Recall that the category 
Oq is equivalent to A-mod, the category of A-modules, for some finite 
dimensional algebra A (see [BGG] ) . Hence Gm can be seen as an exact 
functor on j4-mod, and in particular Gm is right exact on j4-mod. By 
abstract theory (e.g. Theorem 2.3, [B]), Gm is naturally isomorphic 
to a functor on the form M ®a _ for some A-bimodule M. We define 

H M :=Rom A (M,_), 

the right adjoint of Gm- The dual * is a self-adjoint contravariant 
endofunctor on Oq, so for any modules K, L € Oq we have the follow- 
ing natural isomorphisms 

Hom O0 (L, (G M *K*)*) Hom 0o (G M *K*, V) 

^Kom 0o (K*,H M *L*) 

Furthermore, since * commutes with direct sums and tensor products, 
we see that 

{G M *K*)* = ((M* ® K*)io )* = (M ® K)| = G M K 
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Thus * o Hm* ° * is the left adjoint of Gm, and we define 

F M :=-ko H M * o *. (5) 

Proposition 3.3. For any M G Oq we have that Fm G PFun(Oo); 
G M G TFun(Oo) and H M G IFun(O ). 

Proof. That Gm G TFun(Oo) follows from Proposition 12.61 Assume 
that P G Oq is projective, i.e. the functor Hom(P, _) is exact. We 
need to show that FmP is projective, i.e. that Hom(i ? A/P, _) is exact. 
But 

Hom(F M P ! _) * Hom(P, G M _), 

and the right hand side is the composition of two exact functors, so it 
is exact. The statement Hm G IFun(Oo) follows by duality. □ 

Theorem 3.4. The left adjoint Fm of Gm is given by 

F M N = (M*®N)^ l Q , 
and the right adjoint Hm by 

H M = * ° F M * ° *■ 

Proof. The second statement follows immediately from the definition 
© . The proof of the first assertion is a slight variation of the proof of 
Proposition 5.1 in [FJ, also due to Fiebig. We begin by showing that 
we have a natural isomorphism 

Hom„(M* ®K,L)^ Hom (K, M <g> L) 

for all K,L,M G Oq. Let mi,m2, ■ ■ ■ G M be a basis consisting of 
weight vectors, and let m\,m\,... G M* denote the corresponding 
dual basis. For / G Hom (M* <g> K, L), define / G Rom g (K, M <g> L) 
by 

f(k) :=^mi® f(m* <g> k). 

% 

Since SuppL ^ 0, we see that the sum on the right hand side is finite, 
since f(m* (g> k) = for all i with 

w(m* <g> k) ^ 0. 

For 5 G Hom (/T, M®L), define 5 G Hom (M* <g> K, L) by 

g(m- <8> fc) := ^ra*(mj) • i^, 
i 
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where g{k) = ^ • rrij (g) lj for some weight vectors lj £ L , with /j = 
for almost all j. The maps • and ~ are indeed inverse to each other, 
since 

f(m* <g) k) =^2m*(m j ) ■ f(m* (g k) = f(m* <g k), 



and 

g{k) = ^^mi®g(m*®k) = y] rrij <S) (m* (rrij )4j) = "^^rrii®li = g(k), 

i i,j i 

where again g(k) = ^ ■ rrij (g lj. Hence 

Hom (M* ®K,L)^ Hom (K, M <g> L), 

as claimed. 

As we saw above, any element / S Hom (M* (g K,L) is zero on 
(M* ® i^T)^ , and hence / factors uniquely through (M* (g so 

Hom ((M* (g L) = Hom„(M* ®K,L). 

Also, since L 6 Co, any element in Hom ((M* (g K)^°,L) is zero on 
any block of (M* (g outside of O , so 

Hom ((M* ®K)^°,L) Hom 8 ((M* ® #) <0 | > L) . 

Similarly, since if E Oo we have 

Hom (ET, M (g L) = Hom (K, M ® L| ). 

Thus we have obtained a chain of natural isomorphisms 

Rom s (F M K,L) = Hom ((M* <g i^°j , L) = Hom ((M* <g L) 
^ Hom (M* ®K,L)^ Hom (.Fr, M <g L) 
Hom (£T,M (g L| ) = Hom (£r, GmL). 

□ 

Corollary 3.5. i* 1 and i7 are contravariant functors, right and left 
exact respectively, from the category 0$ to the category of endofunctors 
on Oq. 

Proof. For M, N S Oq , we have by Theorem 13,41 that 

F M N = (M*® JV)<%. 
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Analogous to the definition of G, for a homomorphism ip: M —* K be- 
tween objects M, K £ Go we define the corresponding natural trans- 
formation F v : Fk — ► Fm by 

F^N := (ip* ® hbv)^° jo : F kN -> F M N. 

Hence, fixing JV G Oo, and denoting by F N the assignment 

F_M: x i — ► i^M 

(a; being an object or morphism of Go), we see that 

^JV = (_jo ) o o (_ AT) o (_*). 

Since _* is contravariant exact, _ 8) iV is covariant exact, is co- 
variant right exact, and _|o is covariant exact, it follows that F N 
is a contravariant right exact endofunctor on Go, which proves the 
statement for F. The statement for H follows by duality. □ 

Remark 3.6. Note that, since L(0)* = L(0) = C, with g acting 
trivially on C, we have isomorphisms 

G m M = M ® L(0)| = Mia = M, and 
F L(0) M = (M ® L(0)*f°l - M<°1 = M 

natural in M, for any M G Go- Hence we have natural isomorphisms 

Gl(o) — F L(o) — Hl(o) — Id, 
where Id denotes the identity functor on Go- 

Proposition 3.7. For any M £ Go the following holds. 

(a) Fm and Gm preserve J-q(A) and are acyclic on it. 

(b) Gm an d Hm preserve ^o(V) and are acyclic on it. 

Proof. Gm preserves .Fo(A) and .Fo(V) by Proposition 12.61 Gm is 
also acyclic on .Fo(A) and ^b(V) since Gm is exact. 

Fm preserves •T-b(A) by Proposition 12.101 If Fm is acyclic on K 
and Q, and the sequence 

0^ K -» -+0 

is exact, then it follows that Fm is acyclic on iV. Hence it suffices 
to show that Fm is acyclic on Verma modules, by induction on the 
length of Verma flags. 

A right exact functor is always acyclic on projective modules, so 
in particular Fm is acyclic on A(0), since A(0) is projective. Now let 
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A G f)* with A < and A(A) G Co; an d assume that Fm is acyclic on 
A(/z) for all with A < /i and A(//) G Co- All Verma modules 

fit in a short exact sequence 

-> if P(A) -> A(A) -» 0, (6) 

where P(A) is projective, and if € ^o(A) is filtered by Verma modules 
A(/z) with X < fi. In particular, F/vf is acyclic on if by the induction 
hypothesis. Hence, in the induced long exact sequence 

► £ i+1 F M P{\) -> A+iF M A(A) -» QFmK -> • • ■ 

we have £i + i-FjwP(A) = since -P(A) is projective, and CiFj^K = 

by the induction hypothesis, so iCi+iFjifA(A) = for all i > 1. It 
remains to show that £iPa/A(A) = 0. 
Since C\FmP{\) = 0, we have that 

-> £iF M A(A) -» F M if -> F M P(A) -» A(A) (7) 

is exact. Now, consider the short exact sequence 

-» M* if -> M* ® P(A) -» M* ® A(A) -> 

obtained from (jSJ) by applying the functor M* ® _. The modules in 
the above sequence are all ZY(n_)-free, so by Proposition 12 . 91 we obtain 
an exact sequence 

-» F M if - F M P(X) - FjvfA(A) - (8) 

by applying and thus £iFmA(A) = 0, by comparing © and (jHJ). 

Since Hm = * ° Pm* ° *> an d * is a contravariant exact functor 
swapping ^b(V) with Po(A), it follows by the dual argument to the 
previous paragraph that Hm preserves .Po(V) and is acyclic on it. □ 

Lemma 3.8. The functors F , G and H are faithful. 

Proof. Let M,N G Oq with a non-zero homomorphism tp: M — > N. 
By the symmetry of the tensor product, we have G if = Gk_ for any 
if G Oq. In particular, it follows from Remark 13.61 that G L(0) = Id. 
Thus GpL(0) = (ip ® Id^( ))lo 7^ 0, so G v is non-zero and hence G is 
faithful. 

Now, let m* G M*, m* / be a lowest weight vector of weight 
fj, G f)* in the image of the map </?* : iV* — » M*, and let ra* € N* 
with = m*. Let A G f)* be the antidominant weight, i.e. with 

L(A) = A(A) G O , and consider i^A(A): F N A(X) -> F M A(A). Let 
u G A(A) denote a non-zero highest weight vector of A(A). 
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Since fx is a lowest weight of (p*(N*) and ./V £ Oo, it follows that 
A + fi ^ and A(A + /it) £ Co- In particular, by the proof of Proposi- 
tion 12.91 both n* <8> v and to* ® v represent non-zero elements n* ® u 

and m* (8> w in 

(JV®A(A))^| = 1^A(A) 

and 

(M*®A(A))<°j = F M A(A), 
respectively. In particular, since 

F v A(A) = (¥>*®Id A(A) )<°j 

we see that 

(-FipA(A)) (n* ®U) = ip*(n*) ®v = m* ®d 

Hence F^ is non-zero, proving that F is faithful. By duality, it follows 
that H is faithful. □ 

We now conclude the proof of Theorem 13.11 by showing a slightly 
stronger statement than u Xm — Xn if an d only if M = N" . 

Proposition 3.9. Let M,N £ O with M ¥ N. Then 

(a) F M \ proj 

¥F N \ 

prop 

(b) G M \tut % G N \ m , and 

( c) Hm I inj ¥ Hn I inj, 

where \ pr oj> \tut an d \inj denote the restrictions to the additive categories 
of projective, tilting and injective modules, respectively. 

Proof. We start by noting that if Gm — Gn, then 

M ^ G M L{0) ^ G N L(0) ^ N. (9) 

Assume that -Fm | P roj — ^Tvlproj- Since Fm and F/v are right exact, 
it follows by taking projective presentations that FmK = FjyK for 
any K £ Oo, i.e. F/v = Fm- By the uniqueness of right adjoints, 
this implies that Gm — Giy so M = N by ([9"]), and hence we have 
proved part (a). Part (c) follows from (a) by duality (as in the proof 
of Proposition 13. 7D . 

For part (b), assume that Gjultiit — GWItnt- We recall that each 
projective module P £ Oo has a tilting co-resolution, i.e. there are 
tilting modules To, . . . , £ Oo such that the sequence 

_> P _> T >T k ^0 
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is exact (for details, see jR] Lemma 6]). Since Gn and Gm are exact 
and agree on the additive category of tilting modules, this induces the 
following commutative diagram with exact rows. 

— ► GmP — *■ GmTq —►•••—> GuTk —> 

112 \\l 
— * GnP —> GnTq — ► ■ ■ ■ — > GnT^ —> 

By the Five Lemma this induces an isomorphism GmP — GnP, which 
furthermore is natural, since all isomorphisms in the above diagram 
are natural. Hence Gm and Gn are naturally equivalent on projective 
modules, so by the right exactness Gm — Gn as in the proof of part 
(a). By @ we have M = N, as required. □ 

Proposition 3.10. For all M G JF (A), N E J^o(V) we have that 

(a) FjyM is projective, 

(b) GmN = GnM is a tilting module, and 

(c) HmN is injective. 

Proof. For part (a), we need to show that Hom(FjvM,_) is exact. 
Since 

Rom(F N M,_) ^ Hom(M, G N _), 

it is equivalent to show that Hom(M, Gn_) is exact. By Proposi- 
tion [221 Gn maps any module to a module with a dual Verma flag, 

since N £ ^"(V). Hence, as Gn_ is exact, it maps an exact sequence 
to an exact sequence of modules in .F(V). Finally, Hom(M, _) is 
acyclic on J-(V) since M G ^"(A) (see [H Corollary 2]), so applying 
Hom(M, _) to an exact sequence of modules in .F(V) again yields an 
exact sequence, i.e. Hom(M, Gn_) is exact. 

Part (c) follows from (a) by duality. Finally, part (b) follows di- 
rectly from Proposition 12.61 □ 

Corollary 3.11. For all M E Tq, Fm maps tilting modules to projec- 
tive modules, and Hm maps tilting modules to injective modules. 

In general it is quite difficult to compute FmN and HmN, but the 
following is a nice special case. 

Proposition 3.12. For each X € f)* with A(A) G Oq we have 

F V(A) A(A) ^ A(0), and 
#A(A)V(A) ^ V(0). 
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Proof. Let fx G fj* be such that fi < and L(/jl) G Co- Since /i < it 
follows that (Gv(a)-^(a*)) \ = {0}) so 

dim Horn (F V(A )A(A) ,£(>)) ^ dimHom(A(A), G V (a)£(m)) = 0. 

On the other hand, we have 

dimHom(F v(A) A(A),L(0)) ^ dimHom(A(A), G v(A) L(0)) 

dimHom(A(A),V(A)) 
= 1, 

so F V (a)A(A) has simple top L(0). By Proposition 13.101 Fym A(A) is 
projective, and hence 

F v(A) A(A)^A(0). 
The second statement follows by duality. □ 

Proposition 3.13. There are natural transformations 
(a) G A(0) -» Id, Id ^ Gv( ), 
(7>J Id^tf A(0) , F v(0 ) -»Id. 

Proof. Since i*L(o) — ^x(o) — ^i(o) — Id, together with the fact 
that -F is right exact, G is exact and H is left exact, this follows by 
applying the functors F, G and H to the canonical homomorphisms 
A(0) -» L(0) and L(0) V(0). □ 



4 (Co-)Monad structures 

We briefly recall the definition of a monad and a comonad (sometimes 
called triple and cotriple, respectively), for details see [Ml fWj . A 
monad (13, V, 77) on a category C is an endofunctor i3 : C — > C together 
with two natural transformations V: U 2 — > 13 and r]: Id — > i3 such 
that the diagrams 




commute. Dually, a comonad (f2, A, e) on a category C is an endofunc- 
tor O : C — > C together with two natural transformations A : f2 — > f2 2 
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and e : £1 — > Id such that the diagrams 




q ClA 

n 3 < n 2 



and 




(11) 



commute. 

Fix a non-zero highest weight vector v of A(0). Recall that U(q) 
admits a coalgebra structure with counit e: U(q) — > C and comulti- 
plication A: — > W(0) ® This induces two homomorphisms 



(12) 
(13) 



Proposition 4.1. T/ie homomorphisms (|12p and (|13p induce a co- 
monad (A(0) ® _, A, e) on O with A injective and e surjective, and 
dually a monad (V(0) <8> _, V, rf) with V surjective and n injective. 



D : A(0) ^ A(0) <g> A(0),uw ' — ► A(ii)(«®«), 
£: A(0) -» L(0),«u i ^ e(u), 

for ti £ W(ti_ ), where we identify L(0) with C via U i — >• X. 



Proof. Fix M € C Applying the functor _ <g> M to (JT2J) and JT3]) we 
obtain the homomorphisms (where as above we identify L(0) with C) 



A M := D <g> Id M : A(0) ® M A(0) ® A(0) <8> M, 



and 



e M := -E ® Id M : A(0) ® M -» M. 

By the proof of Proposition ESI A(0) ® Af is generated by elements 
of the form v ® m, m £ M. For such an element, it is trivial to show 
that 

((£a(0)®m) ° Am) (v ® m) = ((Id A(0) (8) e M ) ° Am) (u ® m) = u ® m, 



and 



((A A (o)®m) ° Am) (u ® m) = ((Id A (o) ® A M ) ° A M ) (v ® m) 



v v v m, 



so the diagrams (fTTI) commute, proving that (A(0) (8> _, A, e) is a 
comonad on O. 

Applying *o (_® Af*) to (|12j) and (|13j) gives the homomorphisms 

Vm := (Am*)*: V(0) ® V(0) ® Af -» V(0) ® Af, and 
r/M := (em*)* : Af V(0) ® Af. 

By duality, the diagrams ()10p commute. □ 
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We can refine this result to the category Oq. 



Theorem 4.2. The homomorphisms (I12p and (| 13j) induce a comonad 
(Ga(o), A, e) on Oq, with A injective and e surjective, and dually a 
monad (G^^,V ,f]) on Oq, with V surjective and f\ injective. 

We prove Theorem 14. 21 in parts, throughout the rest of this section. 
Define 



Am: G a(0 )M -> G A ( )G A ( )M, and 

by 

Am : = 7r G A(0 )G A(0) M ° Am o lg a{0) m, and 
£m := £M ° L G A{0) M, 

where ^ and as before denotes natural projections and injections. 
Let A and e be the natural transformations corresponding to Am and 
£M- 

Remark 4.3. Similarly as in the case of Remark 13.21 by central char- 
acter considerations we see that ^G Am G Am °Am factors through Am, 
and em factors through e~m, i-e. the diagrams 



Am 

A(0) <g> M ' — A(0) <g> A(0) ® M 

Ga(o) m = > Ga(o)Ga(o)M 

Am 



A(0) ® M 



ttg A(0) m 




commute. 

Lemma 4.4. The left of the diagrams (lllj) /or i/te £rip/e (Ga(o)> A,e) 
commutes. 

Proof. Fix M G Ooj with a weight basis mi,rri2, • • • € M, and consider 
an element 



}Xujv) (g> 77^ € G A ( )M, 



i=l 



where u\, . . . , Uk € W(tt_). Applying Am yields, after collecting the 
elements of the form v (8> <8> , 



y~] ^ (8> (uiv) ®mi + y^u'jjv) ® (u'-jv) <g> m;, (14) 



i=i 
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where s{u'^) = for all u\- in the sum on the right. Hence, when 
applying 

(e ® Id GA(0) A/) o (Id A ( ) ® 7tg a(0) m), 

the right hand sum of fj 141) maps to zero, while the left hand sum 
of (fT4"j) maps to 

k 

i=l 

Hence £G A(0) Af ° Ajf = IdG A(0) M, so the upper triangle of the left 
diagram of (jllH commutes. 

For the lower triangle, consider the following diagram. 



A(0)®AT 



7I"G A(0) M 



> A(0) ® A(0) <g> M - 

Id A (o) ® % 



Wa(o) 8) em 



A(0) ®M 



Id A(0 ) (8> 7t GaCo)m 

A(0) ® G A(0) M 



7r< -'A(o)G A ( )M 



* G A ( )G A (o) 



M 



Ga(o) £ m 



G A(0) M 



The left square and the triangle commutes by Remark 14.31 and the 
right quadrangle commutes by Remark 13.21 and hence the diagram 
commutes. By Proposition 14.11 the top row equals Id A (o)(g)M> an d 
hence the bottom row equals Idc Am M, as required. □ 

Corollary 4.5. The homomorphism em is surjective and the homo- 
morphism Am is injective. 

Proof. Since Sm = £m L G Am M it follows that em is surjective as em 
is surjective. By Lemma POl we have G&^em Am = IdG A(0) M> so 
Am is injective since IdG A(0) M is injective. □ 

Lemma 4.6. The right of the diagrams (jlip for the triple (Ga(o)> A, ^) 
commutes. 
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Proof. We claim that the diagrams 



A(0) <g> M ■—^ A(0) ® A(0) <g> M < 
Id A(0) ® tt Ga(0)m 
tg a(0) m A(0) ®G A(0) Ai~< 



Id A(0) ® Am 



• A(0) ® A(0) ® A(0) ® M 



Id A (0) ( S' 7r G A(0) G A( o)A/ 

Id A(0) ig) A M 



G A ( )M • 



-> G A ( )G A (o)M ■ 



G A ( ) Am 



and 



A(0) <g> M A(0) ® A(0) ® M ■ 

Id A(0 ) ® 7TG A(0 ,„ 

A(0) ® G A(0) A/ ■ 



* A(0) ® G A(0) G A(0) M 

(o)G A (o)G A (o)M 

» G A (o)G A (q)G A ( )M 



■ A(0) ® A(0) ® A(0) ® M 



Id 



A(0)®A(0) ® ^GiyjjM 



-4 A(0) ® A(0) ® G A(0 vM 



G A ( )M . 



-> G A (o)G A ( )M 



(o) J 

7I "G A (o) G A (o) G A (o) M 

-+ G A (o)G A (o)G A ( )M 



commute. For the first diagram, the left and top right squares com- 
mute by Remark 14.31 anci t ne bottom right square commutes by Re- 
mark [23 For the second diagram, the left and bottom right squares 
commute by Remark 14.31 For the top right square, we note that 

Aa(0)®m = D ® IdA(o)®Mj an d 

A G A(0) Af = D <g> H Ga(0)M , 

so the square commutes, since 

D &> vt Ga(0)A / = (Id A (o)<g.A(o) ® 7r G A(0) Af ) ° (D ® Id A (o)®M) 



(D <g> Id GA m) ° (Id A ( ) ® ttg a 



1(0) 



Mj 



Thus both diagrams commute. Hence, since 

(Id A (o) ® Am) o Aj^ = A A (o)®m ° Am 

by Proposition I4.1|, and the fact that projections commute, it follows 
that 

Ga(o) Am ° Am = A Ga(0) m ° Am, 
and thus the right of the diagrams commute. □ 
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From Lemma |4, 41 and Lemma 14.61 it follows that (Gmq^,A,£) is a 
comonad on Oq, and A is injective and e is surjective by Corollary 14. 51 
Finally, as in the proof of Proposition 14.11 setting 

V M ■= (A M *)*, and 

VM ■= (EM*)*, 

gives a monad (GV(o)> V, fj) with V surjective and fj injective, by du- 
ality, which concludes the proof of Theorem 14.21 

5 Parabolic subcategories 

All the previous results can be generalized to the case of the parabolic 
analogue of O, in the sense of Rocha-Caridi (see for example [Ft-Ct H]). 
Let p C b be a parabolic subalgebra of g, let m C n_ with 

= mep, 

and let R m be the roots of m. The parabolic analogies of O, O, J- (A), 
etc. are obtained by substituting n_ by m, b by p, and R- by i? m , 
in the corresponding definition. Thus, for example, P is defined as 
the full subcategory of the category of g-modules consisting of weight 
modules that are finitely generated as ^(m)-modules, and .F P (A) is 
the full subcategory of P that are free as ZY(m)-modules. Similarly, 
the partial order ^ on rj* is replaced by ^ p defined as A \x if and 
only if A — fj, € No-R m , and so on. 

Recall that a generalised Verma module in P is an element of 
.F P (A) that is generated by a highest weight vector (for details, see 
[L]). We denote the generalised Verma module generated by a highest 
weight vector of weight A G f)* by A P (A). Furthermore, the objects in 
J- p (A) are precisely the objects in O p that have a generalised Verma 
filtration. 

Almost all statements and proofs of the previous sections hold 
verbatim with these substitutions. The exception is Proposition 12.91 
which needs to be restated in the following (rather complicated) way. 
Let g p denote the semisimple part of p. 

Proposition 5.1. Let M be a U(m)-free module with aU(m)-basis 

{ Vij | i e 1, 1 < j < h } 
for some index set I and non-negative integers k\ such that 
U :=W( p ){^-|l<j<M 
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is a ki- dimensional Q v -module with basis vn, . . . , . Then 

M^ X = M^ X ^ 0W(n_){v f i,...,* ifc .}, 
iel, 

where Li ^ A ifw(vij) ^ A /or a// 1 < j < k{. 

Proof. By completely analogous arguments as in the proof of Propo- 
sition E33 it follows that 

M& = U(nJ){v iX ,...,v iki }, 

iei, 

and hence the claim follows. □ 

All objects of J- p (A) satisfy the requirements of Proposition 15.11 
and a straightforward argument shows that M ® N* does as well, 
for all M E J- p (A) and N € O p . In particular, we conclude that 
the arguments used in Sections and H] all translate to the parabolic 
setting. 

The main results for the category O p are thus the following. 
Theorem 5.2. There exist faithful functors 

F?:O p ^PFun(O p )°i>,M^F p M , 
G p :O p ^ TFun(0P), M ^ G P M , 
H^.O p ^lFun(O p yP,M^H p M , 

all three satisfying Xm — Xn if and only if M = N (where X = 
FP,GP,tfPJ. 

Proof. These are just the restrictions of F, G, and H to O p . □ 

Proposition 5.3. For any M € O p the following holds: 

(a) F^ and G P M preserve .Fg(A) and are acyclic on it. 

(b) G P M and H P M preserve J- P (V) and are acyclic on it. 

Proposition 5.4. For all M S JJ(A), A £ ^o(V) we have that 

(a) FfjM is projective, 

(b) G P M N = G P N M is a tilting module, and 

(c) H P M N is injective. 

Corollary 5.5. For all M G T p , F^ maps tilting modules to projec- 
tive modules, and H P M maps tilting modules to injective modules. 
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Proposition 5.6. For each A € f)* imt/i A P (A) € Oq we have 
FP p(A) AP(A)-AP(0), and 

^ap ( a) VP ( A ) = VP (°)- 

Proposition 5.7. The canonical homomorphisms A p (0) -» L(0) and 
A p (0) ^ A p (0)(g>A p (0) induce a comonad (G AP ( ), A p , e p ) onO p toito 
A p injective and e p surjective, and dually a monad (Gyp(o)) V p , n p ) 
wit/i V p surjective and rf injective. 

6 An example: 513(C) 

In conclusion we will compute the 'multiplication table' given by GmN 
and FmN, where M and N run through the simple modules of Oq for 
the algebra q = 313(C), see Tables [T] and [2j Let a, (3 G f)* denote the 
simple roots, let s and t be the corresponding simple reflections (i.e. 
with s(a) = —a and t(/3) = — (3), and fix a Weyl-Chevalley basis X± a , 

X±f3i -X"±(a+,S)> Hp. 

The 'dot' action of the Weyl group W = S3 on f)* is defined by 

w ■ A := iu(A + p) — p 

for an element w € W, where p € f)* is half the sum of the positive 
roots. We set L(w) := L(u; • 0) for u> G W. Let e denote the identity 
in W. There are two proper parabolic subalgebras, p a ■= b + (X_ a )c 
and / := b + (X_ j3 ) c . 

The first row and column for the G- table follow from Remark 13. 6[ 
The zero entries are obtained by weight arguments (e.g. (pQ) and ([2])). 
Similarly one finds that L(s)®L(s) has a higest weight vector of weight 
st ■ 0. Since L(s) is not U((X-p))-iree, it follows that Gi^L(s) = 
L{st). By symmetry, G L(t) L(t) = L{ts). Finally for G L{s) L{t) 
Gl(£)L(s), counting dimensions of the weight spaces shows that L(st) 
and L(is) each occur once in the Jordan-Holder decomposition, and 
L(sts) occurs twice. Furthermore, since L(s) is W((X_ Q ))-free and 
L(t) is U((X-p))-free, it follows that G L(s) L(t) is both ZY((X_ a ))-free 
and W((X_ | g))-free. Hence neither L(st) nor L(is) can occur in the 
socle of Gu a \L{t). Finally, we have 

(G L{s) L{t)\ = G L{sy L{ty = G L{s) L(t), 

i.e. GL( s )L(t) is self-dual, so neither L(st) nor L(ts) can occur in the 
top of Gug\L(t). We conclude that the Loewy series of Gu a \L(b) is 

L(sts) 

G L{s) L{t) 
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(a) L{e) 



(b) L(s) 




(e) L(ts) (f) L(sts) 



Figure 1: The simple modules in O for the algebra s 13(C). Each dot is an 
integral weight, and the grey areas show the support of the corresponding 
module. Each non-empty weight space has dimension 1 except for L(sts), 
for which the dimensions are given by Kostant's function. 
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ljyhib J 


L(e) 


L(e) 


L(s) 


L(t) 


L(st) 


L(ts) 


L[sts) 


L{s) 


L(s) 


L(st) 


L(sts) 
L{st) L(ts) 
L(sts) 





L(sts) 





L(t) 


L(t) 


L(sts) 
L{st) L{ts) 
L(sts) 


L(ts) 


L(sts) 
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Table 1: The "multiplication table" for the bifunctor G on the simple modules 
in C for sI 3 (C). 
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Table 2: The "multiplication table" for the bifunctor F on the simple modules 
in C for sI 3 (C). 
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The corresponding table for F is given in Tabled Since Fuq\M = 
M, the first row is immediate. Furthermore, by Proposition 13. 12l and 
the fact that L(sts) = A(sts) = V(sts) we have F L ^ sts ^L(sts) = A(e). 
Similarly, by Proposition 15.61 and the fact that L(st) = A p/5 (si) = 
V p (st) we have F L t s £\L(st) = A?' 3 {e) (and similarly for F L t ts \L(ts)) . 
Using the adjointness of F and G, we can easily determine the top of 
Fu{\L(J), i.e. L(k) is in the top of F L u\L(j) if and only if L(j) is in 
the socle of Gu{\L(k). In particular, this fact and the G-table gives 
us all the O's in the table. 

The remaining cases need some additional case by case arguments. 
We begin with F L ^L(s). By adjointness, TableQ]shows that F L r s \L(s) 
has a simple top L(e). Since L(s) £ Oq, it follows that the possible 
modules are L(e) and 

But by Prop osition 1 5 . 3 1 we have G^( s )A p/3 (e) € ^(A), so by analysing 
the weights we see that 

G L{s) A^(e) = AP\s) = ^. 

Hence 

dimHom g (F L(s) L(s), A p "(e)) = dimHom g (L(s), G L(s) A p "(e)) 

= dimHom (L(s),A p/3 (s)) 
= 0, 

and so F L / s ^L(s) ^ A p/3 (e) and we conclude that F L ^L(s) = L(e). 
Analogously, we get Fu t \L{t) = L{e). 

Since L(sts) = A(sts), we have F L ^L(sts) G ^(A) by Propo- 
sition 13.71 and by the proof of Proposition 12.101 we know that the 
Verma modules A (A) occuring in the Verma flag of F^^L(sts) are 
the ones satisfying A £ sts ■ — SuppL(st) and A ^ 0, with multi- 
plicity equal to the dimension of the weight space of L(st) of weight 
sts • — A. The only such weight is t ■ 0, with multiplicity 1. Hence, 
F L (st)L(sts) = A(i). Analogously, F L{ts) L(sts) = A(s). 

Since L(st) =A» P (st), we have Fi^L(st) 6 J-q(A). By a similar 
analysis as for F L ( st \L(sts), using the proof of Proposition 15. 11 we find 
that F L ^L{st) has only one generalised Verma quotient, A p/3 (s), so 
F L(s) L(st) = A p/3 ( S ). Similarly, F L(t) L(ts) = A p ». 

Finally, for F L / s \L(sts) , by the same analysis as for F L ^L(sts) 
we have that F^^L^sts) has a Verma flag with Verma quotients A(e), 
A(t) and A(ts), each with multiplicity 1. Furthermore, using adjoint- 
ness we find from Table[T]that Fu s -\L(sts) has top L(ts)®L(t). Thus, 
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F L{s) L(sts) is a quotient of P(ts) © P(t). The module P(ts) © P{t) 
has the following standard filtration: 

p(ts) e P(t) = A( t) aw © . 

A(e) 

It is easy to see that this implies that 

F L{s) L(sts) = A(ts) © P(t). 
By symmetry, F L ^L{sts) = A(st) ©P(s), which completes the table. 
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